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PRSFACi:. 



T^HE decidedly great' adirantage af the ModeraMatbcinati- 
cians atev the AncientSj^ has almest entirely arisen from the, 
introduction and refinement of the Algebraic Analysid^ iinit^d 
with the Differential and Integral Calculus ; and particularly 
from the truly elegant and systematic mode which has been 
adopted in their application to problems connected with 
Geometry, 

It is but recently that the plan of determining the relative 
geometrical positions of points, by means of their ordinates 
related to-fixed axesi ha s en gag e d tfae-a tt e ntion ^ generally, of 
our English writers. By means of this simple and ingenious 
contri ranee, almost an unlimited power has been acquired in 
the resolution of physical problems, which require the aid of 
Geometry, and the differental and integral calculus his been 
employed with surprising efficacy. In many cases, wherein 
the greatest effort of the imagination would be inadequate to 
afford any clear or correct reasonings, the relations of the £• 
gure and the necessary conditions can be fully and distinctly 
put down by meansof analytical equations; and the several 
operations, which are generally attended with mudi faci- 
lity, depend, in a great measure, on the general principles of 
elimination. 



The foUomng concige introductory tr^tise was commeniped 
with a riew of wtting forth, in the most aimple and perspipu- 
ous manner, the principal formuIflB, which may be found tutm 
ful in the solutions of the rarious descriptions of geometrical 
and physical problems; and furthermore to condense them 
into ond small volume, with a progressive arrangementy so as 
afibrd the utmost facility in referring ta such principles as 
may be applicable to any particular subjects 
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SECTION I. 

DEFINITIONS AND FIRST PRINCIPLES. 



Article 1. A Function is any analytical expression, 
containing one or more variable quantities, combined or 
not with constant quantities; it is called a function of 
the variable quantity, or quantities, which it contains. 
Thus »* -f- a a:, -/ (a* — x^) are algebraic functions 

otx^.tan ar, which denotes the length of the circular 
arc whose radius is unity and tangent a;, is a trigonometric 

function of a:; and «* + y* + ary, ax-^- by — 1-M. are 

c 

algebraic functions of a; and y. 

2. It hence appears that functions of any quantities have 
their values entirely dependent on the values of those quan- 
tities. For when the values of any quantities are given, the 
values of any functions in which they may be involved become 
immediately determinable. 

B 



2 

3. A function of any variable or Tariablcs is generally de- 
noted by prefixing one of the characters /^, J] $, >|/, &c. 
Sometimes functions of single variables are distinguished by 
fheir capitals ; thus X, X\ X% &c. being taken to represent 
functions of x^ and F, Y\ Y\ &c« functions of j^* 

4, Functions are said to be the same when the variable 
quantity, or quantities, which they contain, enter into their 
respective expressions in exactly the same manner* Thus 
aP^ -{- ax is the same function of x that jf^ -\- ay is of jf, and 
si? J^jI^ -^xy\& the same function of X and y that w* -{- ^ + 
fie V is of tt and v. Supposing (p to denote the characteristic 
of x^ -|- ax^ that is, supposing a? -|- aar to be indicated by 9 x^ 
the expression if^ -|- ay will thence be indicated by f y ; 
Similarly \( a? '\' y^ -\- ay be represented hyf (ar,y), the 
value of le* J^ v^ ^ uv trill hence be denoted hj f (i«,t^. 

Also assuming 4 (<r, j^) for ox -{- &i( — — -9 by the same 

c 

transfer of notation %{/ (tf , v) will denominate the expresMon 

att + bv ». 

c 

6, In order to express geometrical positions algebraically 
points are referred to what are called the axes oj^ coordinates^. 
These axes of co-ordinates are two fixed 
indefinite right lines O A^ 0£, taken on 
a given plane and parallel to two given 
lines so as to form a given angle A O B. 
Tlie point O from whence they pro- 
ceed is called the origin. 

If any point P be assumed in the same 
plane and the parallelogram PD^ OD completed, the portions 
OD, 0D\ taken from the origin along the axes, are called the 
coordinates of the /?ot/i^ Preferred to the axes O A and O B. 
These ordinates are usually denoted by :r and y, viz: O D 
by :r and O D' or D Phyy; and OA ib hence called the 
axis ofx and O B the axis ofy. 




' 6. When tlieaxes O A^ B are per- 
pendicular to each other, they are called 
rectangular cuves ; and O D^ D P are 
then called the rectangular coordinates 
of the point P. 

7. If the position of a point be on the icontrary side of the 
axis O A its ordinate y will have a negative value ; and if 
ft be on the contrary side of O i?, or if the point D be on tlie 
contrary side of the origin O, we shall similarly have its ordi- 
nate :c negative. For the ordinates are then estimated froia 
the origin in the opposite directions. 

8. Parti.cular ordinates whi<;h appertain to fixed points are 
distinguished thus, a/ y\ co" y\ &c. ; and the points thus de- 
termined ane called the points ce' y\ oo" y\ &c. A point on 
O A hasy = o and is d/snoted by ^ o, and a point onO B 
a denoted by y^^. 

- 9^ If the ordinates <t? and y are so related as to fulfil a given 
equation in which they are involved with constants, we shall 
Iwve particular values of y for each particular ^alue of a^. 
Thus let 

/ (^, y) = o 

be the equation which connects the ordinates w and y^f(jt wV- 

denoting some given function. 

Then if a series of ordinates O D^ 

O D\ &c. be assumed as values of ^, 

4he ordinates i>P, D' P\ &c. which 

^e the respectively corresponding / p, 

values ^f y, will be detennined bv 

the solutions of the proposed equa- o — d — ^ X 

tion ; and the point P is hence limited to a certain curve 
line P P\ This curve line is said to be represented or 
indicated by the given equation, which is usually called tU 
equation of the curve. 




10, Rectangular axes are more extensively used, and, in 
most cases, are more simple in their application than those 
which are oblique. Sometimes, however^in particular geome- 
trical investigations, the axes may, with great advantage, be 
taken parallel to certain given lines in the figure; yet, as 
rectangular axes are generally of more utility, we shall con- 
fine ourselves to the consideration of them in the subsequent 
investigations. 



SECTION 11. 



EQUATIONS OF THE FIRST DEGREE. 



11. The equation of the first degree is of the form 

aw-\-by'\-c:=:Oy.... (1). 
wherein each of the constants a, 5, c, may be either positive 
or negative. 

By solving for jf, it gives 



* b b 

and hence, assuming 

it becomes 

y=zma}'\-h . ... (2). 
This form of equation, in which the constants m and h may be 
, either positive or negative^ evidently then comprehends in it 
all cases whatever of the jfirst degree^ the same as the above 
equation marked (1). 




12. Let O be acy assumed inva-* 

riable point in the locus 
determined by the equation 

y = 1ICC 4" ^t 
whose ordinates OG z=: jr^, GC^ =y' 
will hence satisfy the equation 

y' = nu/ -|- A. 



Let also P be any other point in the locus whose ordinates 
O D,D P fulfil the equation. • 

y -=2 m X -i^ h\ 
and, by deducting the above, we derive 

y — y' = m {x — x% ^ 

But, by drawing OD'H' parallel to O ^ the axis of w^ 
it is clearly seen that oo — oK = GD = CD' and y -^y' z=: 
ly P ; therefore 

D'P=m.CD' 

Since this property applies equally to all points P ivhose 
ordinates fulfil the proposed equation, the determined locus 
is evidently a straight line through the point O making an 
angle with the axis oiw whose tangent == m. 
Similarly the equation 

aa?-|-6y + c.= o 

determines a right line intersecting the axis of x at an angle 



and 



m 



a 



whose tangent = — —-, (see article 11). 

b 

13. It hence appears that all equations of the^r^Z ctie^ree 
determine straight lines ; also, (1 1 ,) that these equations may 
be reduced to either of the forms 

11.37 -J- 6y -|- c = o • . (1,) 

y = m iT -j- A . . . (2.) 

The latter of these is the more simple in its application, in 

consequence of its involving only two constants, ?/i, A. How. 

ever, as equations will not always reduce to this form without 



fractions, we shall geDerally deduce the several formulsB for 
both tases. And it may be observed that formulee applying 
to the former may be easily rendered suitable to the latter 
by substituting 

m for a; — 1 for fc, and h for e, 
as^ the equation would then become 

mx — y-|-A = o 
or y=zma? ^ A^ 
agreeing with the latter equation. 

it may also be observed that, vice verscB^ formulee belonging 
to the latter mode of equation 'may be appropriated to the 
former by substituting, (11,) 

^ — -v- for vif and — --- for A . . , , 
. 6 b 

14. Since, (12,) m is the tangent of the angle which the line 
makes with the axis of a?, by calling this angle a;, the equation 
of the line may be expressed thus : 

y zp{v tan <u -^-h^ 

15, When y z=: o^ the point P must obviously be situated 
on the axes of or, and will therefore determine the intersection 
ot the line with Q A. Put j^ = o in the equation 

'a/i? -j- 6y-|- c = o 

and let <r'' be the corresponding value of w and we shall 
thence have 

<. _. c^ 

a 
that isy 

01 = ^S, 
a 

I being the intersection of the line with the axis of ar. 

Similarly, by taking iv =: o, we find the intersection on the 

axis of 2( to be determined by 

a C 



16. By dividing the equation of the line by c and changing 

tlie signs, it becomes 

a b ^ 

— — ^ — — y — 1 = 0, 
c c 

which is hence equivalent to 

— _L- §L— ^ 1=0- 

X" ^ y" ' 

^^ T^ + 1:7' = !• 

This equation may therefore be regarded as dcftemiinino'.that 
straight line which cuts portions from off the axes of ^r iindy, 
estimated from the origin, respectively equal to x" and y\ 

17. When c = o, or A =- o, the equation becomes of the form 

a«r -|- 6y = 

ory=m^, 
which is satisfied with wzzzo^ yz=o^ 

This shews the line to pass through the origin. In this case 
we have x" z=z o, y" z=z o. 

18. When a :=:::Oy the equation is • 

fey -j- c = o 

or y = — -_, a constant value. 
6 

In this case the value of x is arbitrary ; and therefore the 

line is parallel to4he axis of x at the distance — -1 on the 

b 
side where y is positive^ 

If 6 = o, or the equation be of the form 

a a? -|- c = o, 
we shall have 

^ = — — and y arbitrary ; , 

and consequently the line is parallel to the axis of y at the 
distance — — on the side where oc is positive^ 
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19. When the equation becomes simply h yz=zo^ pmg^ = o, 
it evidently determines the axis o{x\ and similarly wlien it is 
:r = o it indicates the axis of ^. 

20. We have seen, (12,) that the tangents of the angles which 
the straight lines 

y=zmx -^-h 

make with the axis of x are respectively := — ~ and m, 

b 

It therefore appears that equations, which have the values 



of — , or of m, the same, determine parallel lines. Thus 

«f + *y + <^ = <>» 

naa7-^n6y-^c"=o 
represent parallel lines. 
And similarly, the equations 

detennine parallel lines. , 



SECTION IIL 

FORMULiE, &c. RELATING TO STRAIGHT LINES. 



21. 7^0 express the equation of a straight line which shall 
pass through a given point. - 

As one condition is here imposed upon the line, one of the 
constants a, 6, c will become a function of the other two and 
the invariable ordinates a/ y^ of the given point, since they 
have to satisfy the condition 

aw^'\-by^'\'C'=io 
Hence eliminating c, by taking its value — (a a?' -|* * y% 
the equation of the line, aa?-|-6f/-|"C = ^> becomes 



otaQt — of^-^-b (y — i.y') = a, 
which determines a 'straight Ike^ pasang through the pro* 
posed point a/ y\ 
Or it may evidently be expressed thus : 

y^y'z=:m(af—aO, 
m being the tSihgeut of the inclination of the line with the 

axis of 0?, 

22. Cor. It hence appears'that the equation 

jf — jf' zr: (^ — y) ttm M 
determines i^ straight line passing (brough the point ot^^^ and 
making the angle a> with ^e ax^ of ^« 

23. To determine the equation of a straight line pamng 
through two given points. 

Let x']^^(b'' y" be th& co-ordinates of the two points; as 
these points are situated in the line^ the constants m^ A, must 
evidently fulfil the equfttions 

y" == m w" ^h\ 
from which we find 

As the line passes through both of the points ^y^, a?'' y"' its 
equation, (21,) is hence 

at — 3cr 
wherein a/y\(jo" y" arie the ordinates of the two given points 
and X y any point whatever in the line. 

24. Given the equations of two straight lines to find the 
co-ordinates of the point where they intersect. 

Let a6c,a^5^c^ be the constants which belong to their re- 
spective equations ; and let a? j^ be the ordinates of the point 

c 



of intersection ; this point being posited in both lines, its 
ordinates x y must satisfy both of the equations , 

of w ^h' y-\'&z:zo. 
From these we find . • • . 

which determine the required point. 

If the equations of the lines be of the forms 

we shall have 

m — m' m — m' 

2&, I%e co^ordihales of two points being given to find an 
ewpression for their distance^ or the length of the line which 
joins them. 

Let xy^x^y^ be the gi^eii ordinates; then drawing lines 
from the two points parallel to the axes, viz: one parallel' 
to the axis of w and the othisr parallel to the axis of y, we 
shall obviously have a right angled triaqgle who^. legs are 
X — a/, y — y' I and thus the square of^ the required line 
is found equal to . 

(^-^^)'rf (y--yOS 

^rl:=iV {(p — a/y-^-iy—yy]. 

■ 

26. The equatibn of a stratj^t line being given to eoppress 
its inclination with the axis of x. ' 

The equation of the line being 

ax-\'by^C'=z,Oy 

•its inclination w with the axis of :t: is, (12,) determined by 

. . a 

tan wm — — , 

b . 
which gives 

1 6 

cos CJZZZ 



V {1 + tan^cJ) -v/ (a* — b^) 
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and sin u =s ■ , ... 



V (I + tan?y) V (a* + ft*)* 
27. When the equation of the Ihie is of the forn^ 

we have, (14,) 

fan ci; = m and .'. co«»=: .,ain<DZ=: 



^ (1 + m«)' V (1 +, ««> 

.1 f . 

28. Cor. Let^r'' determine the intersection of the line with 
the axis of a7,a§ in article 15, and we shall evidently have, for 
the perpendicular from the origin on the proposed line, 
p = w'' sin Of. Hence, subs^itqting (he value of x\ (articlf 
15,) we have ' 

__ — c 

^"" ^ (a* 4- 6*)' 

29. Given the equations of two right lines to find theit 
angle of inclination. 

Suppose a 6 c,a^ i^c^ to be the constants contained in theif 
equations and let i denote th<^ required inclination ; also Ie|t 
a;, a/ be the hiplinations of the two lines with Iheaxis of x. 
Then, (12,) 

tan oj = — -— , tan ^^ = — -j-" » 

6 o 

' ' ' • 

and we evidently have 

, J. ^ • *«» « — tan <t/' 
%-=z(a — Aland., ton f= - — ; 

1 -I- tan o) tan a/ 
* • . /^ 

Therefore by substitution 

a'b — b'a 

^ *^ aa' + bb^' 

Hence also 



cos I 



V(l+to»«i) V {(a^ + l^)(a'^ + b'^)l 

. . . . a' b — b' a 

sm i =z cos i X tan i = "t ^ :: — r • 

, ^C9» Infant— ^ ^^^, + 6«) «'« + b'^}\ 



30. Cor. I. If the lines beparallel, t = o and «i» t = o; 

.\ of h — &^ a = o 



of ' a 



agreeing with (20^) 



31. Cor. 2. When the lines are perpendicular, eo^ 2 := a 
and hence 



• t 



32. Con 3. Ifthe equations of the lines be 

we shall have 

tan t = — J , 

1 -{-mmf 



• • / 



Mli = 



m" 



^^(l+»iO(l+ifi^)J 
When the linesiire paralle], miz^o^ 

And when they fire perpendicular, co^ i = o^ and 

1 + « »' = o, 

33. To determine the equation of a etraigit Hue inclined 

at agh^en a$igle with a gioen straight line. 

In the la^t proposition, article 29, let a ft c be the constants 

to the equation of the given line and a^ h^ & those of the one 

required. Then 

. / _^ ^^_ / rv .«- tan i -^ tan u 

tan nr := tan (*; * — y = --r- — ; . ■ ; 

1 -{-tanaftan i 
pr, substituting -r- -r- > — p-i for tan ai, tan a/, 
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«' __ « -\'bta»'i __; avosi'-^hnni - 
6^ h — a Ian i A cof i — a m» t 
Hence the required equation is 

(acoii-^- 6 «tn t) a; -f- (^ ^^* * — a m f) y -J- c" = o, 
wherein e" is an^ indeterminate constant whose value-niay-bd 
found from another condition. 

34, Cor. !• If the line be required to pass through a girep 
point o^^y^ its equation, (21 ,) will therefore be 
{a coBt^h ixnV) (x — xf)'\'(b cosi'^asini) (y — y^) =±o, 

35. Cor. 2. Wlienihelioeis perpendicular to the proposed 
one its equation iirill be 

b X — ay-f-c'czio. 

^^;, 36. Cor. 3. When the line is perpendicular to Ate j^iven 
' %iie and also passes through a givenpeintaKy' itisequatibtt 
#p*^'tiriir hence be 

b{af — x^ — a (y — y^ = o. 
.^ ..The general equation of a straight line which is perpendicular 
*" :to one determined by the equation 
^-*^' y = wi;r-t-A 

is y = — - — « + *'; 
m 

and, when passing through a given, point a/y' is 

m 

$7. To express the iengtk of lie perpendimiar on a yttMM 
line from a given point. 

Let a d7 -f- 6 y 4* <? = ^ ^ the equation of the line and a/y^ 
the ordinates of die given pointy Then« (36,) the equatidu 
of the perpendicular is 

b (x -^ X') -^ a(y ^ y') = 0, 
from which, together with the above equation of the given 
lioe, we find the point where it is intersected by liiis perpen- 
dicular to be determined by ordinates a? y whose values ate 

^_V^x' — abf'^ac ^^ _a^ y' — a b a/ — b c 
^ a^ + 62 ' y ^^p^ 
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Now, (^,) tfae length of the perpendicular P = 
V |(*-*')»4-(y-jr')»f. 
Hence by substitution 

*-*^- — ^-^r—'y y- — ^^T^ — 

and P = - '^f-±l?!L±S. 

if the equation of the line be of the form y z=:mx -\- h, 
substituting at for a, — I fpr b and A for c, (see 13,) and we 
diall have 

P — — • (»*'^' + A) — y" 

' 38. Cor. 1. When the given point is the origin, we have 
^ = o, y^ i= o ; and hence, for the perpendicular from the 
origin on the given line, we have 

P = 



orP = 



— k 



V {l+m^ 



39. Cor. 2, By (20,) the equations 

ax-\'by-\'C=zo, 
« ^ rj- 6 y -|- «^ =2 a 
represent parallel lines. 

•^Vow, (88,) the respective perpendiculars from the origin are 
— c , , — & ^^ 

^~ V (a* +6*)' ~ VW+^y 
: the difference of these givqs the perpendicular distance of the 
said lines = 

V (a" + l^) 
Similarly the perpendicular distance between the paraU 
'lel lines 
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* . • 

is «qual to 

40, To express the distance between a given point x^y' 
on a given line and its intersection with another given line. 

Let the equation of the given line, which passes through 
the point x^y\ be 

a' [x — x^'\-b' {y — y')z=zo% 
and that of the othei* given tine 

a ^ -j- 6 y -(- c = o. 
Let xy be their point of intersection and its ordinates will 
be the same in both equations. The latter one being put 
in the form 

a(^ — ^0 + *(y— yO + («^ + fty' + c) = a, '* 

we shall, by means of it and the former, find 

a'b — b'a ah—rb'a^ 

Therefore, for the required distance. 

Otherwise, 

Let p be the perpendicular from: the pofut :r^y^ on the line 

aar + *y + ^ = <^> Then, % being the angle of inciination 
9f the lines, w^ pbviously have 

pz=i D sini 

sin i 
Henccj substituting the values of J9 and «27»i already laid 
down, (37, 29,) we get 

— a^ b — 0' a - 

41. Cor. When the equations are 

y = wi J? -f- /* for the intersected line 
and y — y^ = m' {x — x") for the line passing through the 
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point x^if^^ flubftfitute m, mf respectively for a, a^ and -^ 1 for 
bf h\ and A for c, (13,) and 



■k^nfi 



SECTION IV, 

TRANSFORMATION OF THE AXES, 



42. With the view of expreaung any particular lines or 
curres, being the loci of points, by algebraic equations, we 
are manifestly at liberty to assig^n to the origin and the axes 
any positions whatever, relalive to the said loci ; and heiiee^ 
when the equation of a locus is complex, it becomes some- 
times useful to assume another position of the axes which 
will reduce it to a more simple form. This transformatioq^ 
which is called the iramformatian of co-ordinates^ is effected 
by expressing the original in terms of the new co-ordinates^ 
of any point, which will, of course, be ready for substitution 
in any equation or formula, appertaining to the former axee^ 
so as to produce the equivalent involving the new co-ordi^b 
nates. For these operations the three following propositions 
are necessary. 

• 43.. ^M expression involving the two rectangular co^ 
ordinates being given to find the corresponding expression 
in terms of the co-ordinates when the origin is transferred to 
a given point J the axes retaining a parallel position^ 
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o* 



A' 



« • "■ • 9 

Xet (y be tlie given point to which 
the origin is to be transferred ; and 
let its position referred to the axes 
OA^ OB be 0»= a, G(y = b; also 
let the position of the point P related 
to the new axes (yA', O^B^ parallel 
to OA, OB, be a/y' viz O'ly = ar' and i^ P=y\ Then is 

DP = y=D'P + G0^=:y'4-b, 
which sabstituted for a: and y will give the expression re- 
quired, wherein ab, the ordinates of the new origin O^y will 
be given constants and a/ y^ tb^ ordinates of Preferred to 
the new axes. 

By this means we transfer the origin O to a point whose 
ordinates are or = a, 2f = &• ' 



44. An ewpression invohing the ordinates of a point 
referred to two rectangular awes being given to find the 
corresponding ewpression when the point is r^erred to 
two other rectangular, axes jnaking a given angle with the 
former and proceeding from the same origin. 
We shall omit the axis of y in the figure for the sake of 
simplicity, since it is sufficient to bear in mind that the positive 
ordinates y extend from the axis of 
X upwards. Let OA be the original 

and OA' the new axis of ^ ; then are 
OD.DP, and OTy^D'P the co-ordi-. 
nates of P. Dfaw D'H perpendicu- 
lar and D'f parallel to OA ; and let the ordinate 0D\ lyp 
which refer the point P to the new axes be OD'y\ Then, 
assuming the given ^ A'OA = Z^ D'PK = <w, we shall have 
OH =a/ coscj and BHz=z KB' = j^ sin a;, the difference of 
which gives 

OD z=zx:=.a/ cos ta — y' «i« w . • • • (1) ; 
also D'Hzzz KD = a/ sin oj and PK = y' cos at, which added 
give 

PDz=:y:=za/sincj-\'y'cosca , ... (2), 

D 
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These values of Oi> and Pi? intrpdaced instead ofdfandy 
will produce an expression invdying x^yjf and the given 
angle oi. 

It must be here observed that the new axis OA of ;r is taken 
on that side of OA on which the ordinates y are positive ; 
when taken on the contrary or under side of OA^ the angle w 
will hate a negative value. 

46. An ea^presnon imolving the eo^ardinaies of a point 
related to ttto rectangular axes being gieen to deduce the 
corresponding equivaleiU in terms qf the ordinates of the 
same point referred to tu>o other rectangular axes making a 
given angle nnth the former and having a different origin. 

Xet (yA' be the new axis otus $ 
PD' perpendicular to it from the . 
point P, and O^a parallel to OA. 
Denote the position of the new* 
origin O^ by ah^ viz: OGzzza^ 

00^=:b; let the position of P with respect to the new axes 

be x'y', that is 0'D'=a', D'Pzszy'i and, as before, denote 

the given angle of inclination A'Ovl by u. 

-Then, (44,) the co-ordinates of P referred to O'a as an axis 

of X are 

CdzzLO^cosv — y' sin sfj P dz^ix' sin€j-\-y cos Of I 

and hence, (43,) the values of the original ordinates are 
OD:=x:=:x^cosM — y'wJiw-f a...(l), 
PDz=iyz=ix'sinu-\'y' cosu-^-h. . . . (2). 

By substituting these instead of x and y in the proposed 

expression we shall get an expression, involving x'y' with 

the new additional constioits a h and the given angle a;, which 

will be the one req^uired. 







19 

SECTION V, 

» * 

EQUATIOlis OF THE SECOND PEQBEE, 



i . ' i • J. I 



4S» The general form for eqaations of the second ihgree^ 
being those in which the ordinateszy ar^ imrolved to the 
second power, is 

wherein "eadi of the C0nstaiits Jf^ J^j C^ u^ &, c, ma^ be either 
positive or negative^ 

Let us in the first place transfer the equation to two other 
rectangular axes parallel to the driginal ones and having 
their origin at a point whose ordinates are db\ and, (43,) 
by substituting of^^x^ and y-^y^fg^z and y^ we shall fipd 
the corresponding equation to b^ 

which ananged for 4: and y becomes 

^z^'^My' + Cxy 
+ (2Ax'^Cy' + a)x+{9By^+i}x' + b)y 
+(ila^ + ^y^4-C«'sr+«^ + ft^' + e)=:o, , 



47. The first three eo-efficients 49S.9O stand unaflfected 
with the new constants ^r'^y^, by which we observe that the^ 
are independent of the position of the origin $ and hence the 
position of the origin of any equation of the second degree 
depends ^ntirel^ oi| the values of t^d three last corcfficients^ 
a b^c» 

48, We may now assmme the Yalues of tb^ two oi'dinatei^ 
x^y' at pleasure since the position of the new origin is entirely, 
arbitrary; and consequently, by the principles of algebra^ 
we may fuNil any two possible conditions which involve 
them ; let us therefore put the ^oefl^cjento of a; s|nd y each 
equal to nothing, viz : 



anddieiice 

, Cb — 2Ba .___Ca—2Ab 

AAB—C*^ AAB—C* 
IwDce aim, by substUutioo, the last term 

or by aamiming 

Cah^AV^^i€?^c(iAB-^Crt)^G, 
it becomes = 

O 
h.AB^€?' 
The equation is thus transformed into 

^a:»+l?y«+Ca,y+^^-^--^ = o... (a), 
in which the fourth and fifth t^nqs are. waiitiDg. 

49. Let U8 now .transfer this equation to two other r^« 
tangular axes inclined at an angle u with the former and 
retaining the same origin ; and, (44,) su|>stitutinff w cosu — 
y f tn (a and wrinu-^-y cos at for w and y^ we get ror the cor- 
responding equation 

A (a^ cot? <w + y* «V« — 2xy cosejsinai) 
'^,S(pflstn^iif'\-f^ cot?af'\'2xycosej8iniii) .* 
-J^C^sflcpg usin «ff — y* cosm nna-^-xy (cot?^ — «V ^)l 

J- r= o^ 

^AAB — (P ' 

which arranged for x and y, observing that 

cotf^cu — mVai = co«2 a; and 9co«tf^niic^=:«t9t2 6;y 

becomes 

(A cof M-\-B sin^ cu-^- Ccqs cj tincj) a/^ -{' (^A sin? af'\- B cof ^ 

r^CcOS0JBincj)f/^ 

-j- \cco82cj — (A--B)sin2ul xy 
^iAB — C* \ 
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By taking the value of m so lis to extenniiiate^ Iff 

Cco$2jj — (.tf — JB)«ii2«=o . 

and tan2 cjzz: , 

which reduces the equation to 

(A cot^cj-\'B sin^u-^Ccoscfsinu) a^-J- (il m^ o^-f-B cotl^M 

^AAB — (P ' 

and it hence appears that ever^ line of the second order may 
be referred to two determinate rectangqlar axes so that its 
equation shall be transformed into the above form. By 
assuming 

A COt^af-\'Biifi?ea-\-CcOBeif8tneff:=:zA\ 

^ «»* ft? -f- 5 co«* « -r- Ceo* « *tii ft? 2= JB% 
it becomes 

^ ^ ^AAB — C^ ^^ 

50. Now if the principal semi-diameters of ah ellipse and 
hyperbola be denoted by a\ b^, and the former be taken for 
the axis of ^ and the origin at the centre, their equations will 
be as follow : 

For the ellipse 

and for the hyperbcia 

^ — ^ = + 1, or 6^0^ — aV4:a'**'* = ^» 

the under sign representing the conjugate hyperbola* 
The signs may be all changed if necessary. 
By means of these two equations and the foregoing trans- 
formed equation, (&,) we deduce the following particulars 
rdative to the general equation, 

51 . 1st, When A \B' are both negative and G, 4 ^ -B — C« 
have the same sign, the equation determines an ellipse ; and 
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when A'^' are both of them pMtive mdO ndAAB — C* 
have different ngna^ the locus Js also an eUipteJ^ 

52. 2nd* When A'fB'mre of different signs and 6 not 
== Of the loctts is an hyperbola. 

63. 3rd. In each of these cases the squares of the principal 
semi-diameters are equal to 

+ G +G 

A (AAB — C^y B'i/L^B-^C^y 
the under sign being for the ellipse and either sign for the 
hyperbola* 

54. 4th. The ralu^ of O^A\B' are determmed from 
the equations 

G:=:Cah—AV' — Ba^ + c{iAB'^Cr)...{\\ 

ton2^c=..^-^,..(2), 

J* =y# «Ji? Ai + -B co«»<^ — Cco# ft; «ii«^;S •••^ ^ 
wherein u is the angle included between the original axis of a? 
and the principal diam^t^r pf the curve. 

65, 5th. The position of the centre of the curve is de- 
termined by 

C6 — 25a Ca — 2^ft 

~^AB^C^'^ 4AB — C^* 

56. 6th. When the equation is of the form 

Aaf^+Bf+C^y-^c^o^ 
wherein the fourth and fifth terms pf the general equation are 
wanting, we have 0=0^6 = apd thence «^;;;=:o, y^ = o 
wbich therefore shews the origin to be at the centre of the 



s For the immediate values of 4''» P" sse artide.73. 
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curve. This agll^es with equation (&,) article 49, wbere tbe 
origin is transferred to the centre, 

57. 7th. By adding the equations (3), article 54, we find 

^"4-5^ = ^4-5. 

Hence we see that, whatever be the position of the axeis of 
coordinates, the sum of the co-efBcieuts of a^ and yf^ will be 
the same. 

58. 8th. When G=:o and also jI" and B' of different 
signs, the general equation defines a straight line. 

For in this case the transformed equation (6), article 4d, 
becomes 

which gives 

m B"' 

and this value is real when A\ B'* have different signs. 

59. 9th. In the two following cases it will be found that 
fio. real values of jr and y can possibly fulfil the equation (6) ; 
and consequently that the equation can have no locus. 
JPirsL When G and 4 AB — C^ are of the same sign and 
-rf", B" both of them positive. 

Second, When G and 4 AB-^ C* are of different signs and 
A\ B" are both negative. 

60. 1 0th. When G:=o and A'\ B" have the same sign, no 
real values of <v and y can satisfy the equation (&,) except 
the particular case of ^=o,y=:o. In this cise therefore 
the locus is the single point corresponding with the new 
origin a/y'. 

61. 11th. It appears that by changing the position of the 
origin to the centre a/y' 

the equation 

Aaf^-\-By^-\-C«y^ax-\-byJ^cz=io 
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is traniifornied into the form 

wherein h = 



AAB—C^ 
Also, that by taking two other axes of co-ordinates makincr 

an angle with tliese so that tan 2 a; = z. , the equation 

becomes of the form 

wherein A" + jB ' z= J -f JB and the constant h is unchanged. 

62, 12th. Let oTyy" be the two semi^iameters of the 
curve 

Aa^^By^-\-Cxy-\-h = o 
which coincide with the axes of coordinates to which it is 
referred, and they will be determined by taking first y=o 
and then ^= o in the equation, the results being 

A" ^ B 

Let also a\ I' be the principal semi-diameters which comcide 
with the axes to which the equation 

appertains ; and we similarly have 

a'^zzz—h., 6^=:_A 
A" B' 

Hence as A' + B'' = A-{-B, we have 

-1+1 = 14.1- 

ai'2~y"2 a^ * ft'*' 

That is the sum of the reciprocals of the squares of any two 
semi-diameters, of a curve of the second order, which are 
perpendicular to each olher, is the same ; and, in reference to 
the general equation, is := 
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63, When 4ilB — C2 = o, we have, (65), a/y' both of 
them infinite which shews the centre of the curv^ to be infi- 
nitely remote from the origin. It becomes hence necessary 
to consider this case separately. 

Let 

il ar« -f 5 y * -f C a? y -^ a ar 4- 6 y + c = o 

be the general equation in which 4 ^ JB — C^ = o. 

Then, transferring the origin to a point a/y\ the correspokid- 

ing equation, (46,) is 

+ (i4^ + ^y^ + Ca?^y + aoK -f 6y^ 4-c) =0. 
jLet a/y^ determine some point in the curve, so that 

^a?^ + B y'2 + Co/ y' + a w' -f ft y' + c '= o^ 
and the equation becomes 

A.v^'^By^'^-Cafy 
+ (2Ax' + Cf'\'a)a^-^(2By' + Cx'-['b)y = o. 
But, since 4 ^£ — C* = o and v o'=2 V •^^j we have 

Aa/^']-By^-\'Coffy = (a:V^-\'y V B)\ 
Hence the.redaced equation is equivalent to 

(xV A+yV By , 
4-(2^^ + Cy'+a)ar + (2JBy' + Car^4-6)y=o. 
, • . * . 

64. We shall now, as in article 49, transfer this equation 
to two other rectangular axes proceeding from the same 
origin and making an angle <a with the former; and, (44,) 
puttings cos A^ — ^smo/and W9inoj'\-yco8(a for x and ](» 
the resulting equation is 

^(cosm V A-\-8inw V B)ci} — (sinoj V A — comoj V B)y\^ 

-|- {(2^a' + Cy^+a)co5ft; + (2Sy^-f Ca?^-l-6)«««^ar 

— ^(2^0?^ + C/+a)«iift;— (25^^+01^-1-6) cosu\y—o,^ 

Let ctf satisfy the condition 

C08U ^ A-^-iinw ^ B^=:o^ 
which will give 

A ' Ti A 



B' c A+B' ^ A^B' 



•and' thence 

and (2 Aa/'^Cy''^a)8incj — (2By' + Cx''^b)co8<v= 
2!^ V A{A-\-B)-\-2y' V B(A^-B)-\- -^^^^^-^ 

The equation thus becon^s . 

65. We have, (63,) assumed, a/y^ to determine a point in 
the curye, l\ut not riestricted ourselves to any particular point ; 
we inay therefore take tbispoinl. where the curve is. intersected 
by a straight line whose equution is 

by means of which we shall have 

x'Vjl+yWB+''yA±±^ = o, 
V -ry V -r 2{A-\-B) 

wbich reduces the equation to 

(^ + fl) y* - "_i:!j^±Vj*. ar = o, 
^ ^ '* ViA-\-B) 

or y^ — -Z ±^. xz=zo. . • . (c). 

(^ + 5)J 
Itut the eqi^atjon of a parabola, whose parameter isp, Uitking 
the origin at the vertex and the principal axijs for the axis 
of <r, is 

y2 zzzp OB. or y^ — p afz=:o. 
Hence the following particulars: — 

66. 1st. When a a/ B'-^bW^A not = Of the locus is. c^ 
Parabm la whose parameter k. equal to 



2t . 
oV B — b 1/ A 

67. 2nd. According to article 12, the equation 

defines a straight line incUned to tbe original axis of j? at an 

A 

angle ifvbose tangent = — \/ — aud which is therefore equal 

a 

to o^, the inclination of the axis of the curve, with the axis 
of^; this line, (65,) also passing through, the vertex x'y\ 
it must coincide with the axis of the curve. Therefore the 
above equation properly represents the j^rmcfpa/ diameter of 
the curve; by uniting it with the original equation we may 
hence find the co»ordiuates a/y^ of its intersection witli th^ 
curve, or the vertex* 

68. 3rd, IfaV B — b \^ J=:o, or aV B = b V A 
the equation (c) gives simply 

whicb shews the locus in this case to be a strai^t line cor* 
responding with the new axis of ^, the equation of which 
is given,. (67). 

69. 4th. The equation A4B — C^=zo giving C^ = 

+ 2 v^ ^B, the values of the constants A^ B must have the 
same sign to make C real, that is, they must be cither both of 
them positive or both negative ; and hence we may consider 
them both positive for, when negative, they can be made so 
by preliminary changing all' the signs of the original equa* 
tion. If, under this consideration, C be negative we shall 
haveC=— r 2 V^fi instead of -j-2\/-4B; in this case^ 
the foregoing operations hold good by either substituting 
— y/. A instead o( V Aov — \/ B for \/ B, or ][)y considering^ 
either a/ Aov \/JB to have a negative value ; and tanu will 

A . A 

become hence =+ — instead of — \/ — . 

^ B B 



, Thus we lee that, when C ia negative, ton u n poritwe and 

a; < ^; and that, when Cis positive, tan u is negative and 

^ •.•ft;> — . 

2 

The foregoing investigations lead immediately to the solutions 
of the three following propositions : 

70. To express the equations of the principal diameters 
of a curve of the second order which is determined by the 
general equation. 
The co-ordinates of the centre, (55,) are 

,_^Cb — 2Ba ,_ Ca — 2Jlb 

Let a; denote the inclination of one of the prinicipal diameter* 
of the curve with the co-ordinate axis of a ; and, (54,) 

A—B 

from which 

sec2co — \_V l{A — BY-\-m — {A—B) 

tan2cif C 

Now the diameter being inclined to the co-ordinate axis of a: 

at the angle oj and also passing through the centre a/y^ of the 

curve, its equation, (22,) is 

y — y^z=.(x — x^)tancj. 

JHence by substitution we have 

_ Ca—2Ab _ 

^ AAB — C^ 

i^_Cb-2BaXVl {J-B)^ + C^}- {A-B) . 

V AAB~c^J a ' ^^' 

for the equation of one of the principal diameters. 

The other diameter passing through the centre a:^/ perpea- 

dirular to this, its equation, (36,) is 

Ca — 2Ab _^ 

^ AAB — C* 
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I 4JB— C'-'v {M— 5)«4-C»^ — (^—1^) 

or, which is the same, 

Ca-^2Ab 



v— 



AAB—C* 



-(-oi=^°)- ^i'^-^'^^+'-^'-o).' 



c 



7L Cor. 1. If the origin of the ordinates be ifae centre of 
the curve iu equation, (56,) will be of the form 

^^ + J?y«+Cary+c=oj 
and we shall haveaz=:o, A=:o. In this case therefore the 
equations of the principal diameters are 

andy = - V {{A-B) ^+C^} +[A -Bh ^ 

c * 

( « 

m 

72. ^oie. The equation 

tan 2 a; = 



A-^B 

applies equally to both diameters. For, if 2 oi fulfil this equa- 
tion, it will also hold good when 2 « + « is substituted • and, 

nf denoting the inclination of one of the diameters, «+ ^ 

will evidently be that of the other. 
From this equation we derive generally 

Ian 2 01 ""C^ ' 

the upper sign appertaining to one of the axes and the under 
sign to the other. 



* By uniting these eqaations of the principal diameters with 
the given equation of the^curve we may thence find the positiqiiil 



of the vertices. 



so 

TbuB, by makiA^ use of the under iifif, tfte e^juiHtion (Jkr) will 
'^QJm tbe imie ai tbe sqiiatioii^yBiid Vki venift ^, 

— V { { A-B)*+C>} -{A-B) V{ (A^B)*-\-C*\-[A-B) 

C ' C 

WkcD i i^ — C> = 0, see artide IS7« 

73. The equaiiou of a curve of the second order being 
,jgi9em to find the valikes of'its principai t^mUdidmitetB^ 

The squares of tlve semi-diameterti tah, (53,) equal fo 

±G +G 

A'(iAB--C]* JS'[AAB — C^)* 
wliereio, (54,) 

G±i:C&h-^AU^—Ba*-^c{'kAB^C*)t 
A':=zA co^ ti>-\- B stH* M -\- Ccos u sin Uf 

B'=:Arii^>»-\-Beoft*-^€cit$atWK»t 

_ C 



and tdn2et=z^ 



A — B 
From the last we deduce 

c««» « = 1 (1 + -Ll') = 1 (l 4i ±=? V 

2 ^ aee2*>f 2 ^\{A—B:^)-\-C*\' 

'Jjt _ Wi 1 \ „ 1 /i A—B ^ 

2r «c'c2«' 2^ -v/^(^— ^)*+^* 



eo<w<tNw = 



2^i(^_B)4-|-C^|' 
atid hence we get 

A^n-\-V ^{^— B)»+C»| 



■J' = 



* 



^+5--/ j(^-B)«+C« 
?ii^ iud th« fof^isfikg^ T^h^ 6f G^ Bubstitioted, th^ i^fsavSk 
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of the principal semi>diameters of t|ie cury^ are.foiinc^ 
equal to " 

^^^^ ' f - f 

'~ iA4Ji — C») [a + B+ ^ S(^A^£yt^c*l~\ 




tbe under sign being for the ellipse and either sign fpr tbe 
Hypethola, (53.) 

74. When the origin is at the centre of the curve, (C^li) 
ai==: o, &=:o; and therefore in this case the squares of tbe 
piiiicipat senii-dmuieters are equal to 

+2c ; 4-2c 

4-^B±i/.k4-m'-\-^\ A+B^V\(A-W^' 

75. To determine the particular description of a curve 
of the second order from the immediate relative values of the 
constants which belong to its equation. -■ 

Jfl {6^)9 (62) and the subsequent articles, the different cases 
fire JieveraUy stated, throughout tbe various relations of 
!4'V-B%G,4 J^— CS&c, where A"\B'?Lre, (64,) expressed 
in terms of the coefficients A^ B^C^ by means of the arc at as 
a subsidiary. It is hence only necessary to transfer the 
relations ofA'UBl. io those of (lie immediate coefficients 
AfB^Cf which may be easily effected frpip tbeiryaluQ9|rbich 
HaVi^ at feadfy been founa^ ("^3,) viz : 

A^-B+s^ \(A—S)^-^C^ 

A"= i 

2 

A-\-B—V \(A—By-^C^ 
B' = 



2 

Tbas it is evident that, when (^-|-jB)' is greater than {A — S)* 
^- C the sign of A-\-B cannot be affecfed with either the 



adlditioti bi"' subtraction o( V ^(A — -B)*+C?*J, and conae* 
quently that the values of A\B" will both have the same 
sign with A-\-B. But, when (A-^Sy is greater than 
(i^J8)2-j-C2, we shall have (J-f JS)^— ^(A—By'\-C^\ = 

AAB — C* positive^ Hence, when 44jB-^C is poniiive 

A" and B" will both of them have the same sign with A-^B^ 

that -is, they will both be positive when A-^B is positive and 

both negative when ^ -|- J3 is so. 

It is also pretty obvious that, when (A-^B)^ is less than 

(A — By 4- C'*, the values of A" B" will have different signs, 

that is, the one will be positive and the other negative. 

In this case we shall have ( J-j- JJ)«_ ^ (4 _i3)2^ C*^ _ 

AAB — C^ negative. Thus we see, when 4AB — C* is 

negative^ that A\ B" are of different signs.* 

Again, under the class 4 AB — C^ = o, when the vahie of 

a-/B — 6\/i4 = o, we shall have 2y/A(a^B — b^/A) 

z=:2aVAB—2Abz=:o 

or Ca — 2Abz^o, 
'Hence also, when a^B — b\^Anotz=zOf we ^hallhave 
Ca — 2i46ndt = o. 

.By carefully comparing these relations With the articles 
(51), (52), (58), (59), (60), (66), and (68), we find the different 
descriptions of the curve to be as in the following arrange*- 
ment, wherein 

G = Cafc — ^6« — Ba« + c(4JB — C^). 



a n < I I I w I t >i I M'l i i i ,t 



* These relations are also pretty evident from the equatioiu 

A'+B'=:A+ B, 
AA'B':=iAAB-~C\ 
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SECTION VI. 

FORMULJE FOR CURVES, kc. INVOLVING THE DIF- 
FERENTIAL AND INTEGRAL CALCULUS. 



76. The equation of a variable straight line being given 
to find the point qfint^sectioH of two of its pontions which 
are indifinitely near to each other ^ 

Lety =:m/i7-{-A betheequation of the line. 

It is plain that when m, A are given constants the straight 

line is given and fixed ; thus, in order that the line may assiruie 

another position it is necessary that one or both of the char. 

acters m, A shall beconie of differ/eut: values. Hence, under 

the circumstances of the pfopoisition one or both of the values 

m, A must be subject to variation, * 

Let a/y^ be the co<«rdinates of the required point which will, 

of course, fulfil the equation • 

y* zzzma/ -\' h^ 

If we now suppose the line -to vary to an indefinitely near 

consecutive position, the point :of intersection x^y^ being fixed 

during the change its ordinates A^and y^ will hence remain 

invariable. Hence dijferentiatipg, and considering x'y' as 

constant, we get 

dzzzm^dm-i^dh^ 

from which and the above equation we find the required 

point to be . 

' / dh ,^ ._ A «. ^A 

^ — — — r,jr = Aw.j«-— . 

dm dm 

To compute these valued it is necessary for A to be a function 
of m; this is, in fact, necessary to impose a law on the varia* 
tion of the line, the position of >i^hrch would otherwise be 
absolutely arbitrary, 

77. Cor. 1. If the line be supposed in motion this point 
will obviously be the centre of instantaneous rotation ; and 
its locus will evidently be that curve io which the line is 



c 



35 

mhrays a tangent* (see ^ly bence the nature of tliis curve 

may be found by eliminating the .introduced variable from 
the y al ues of i?^ and y\ 

78. Car. 2, Similarly to the foregoing may we find the 
point of intersection of two indefinitely near positions of a 
variable curve by differentiating its equation and considering 
a?',y'as constant; the values of <r^,y^ being determined from 
the given and the resulting equation, 

79. To find the area of a curve eompreltended between two 
given values of y and the oms of x. 

By taking two valiies of y indefinitely near to each other, 
the space included between them may obviously be con- 
sidered as rectangular and consequently as having a value 
=y«tr. 
Thus we have 

The area zzzjydx. 

This integral, between the limits ^y', xy will give the area 
contained between ihe ordinates y* and y. 

80. To find the length of any portion of a curve from the 
equation between its rectangular co^oi iinaies. 

Let 8 denote the length of the curve corresponding with the 
ordinates wy and reckoned from any given point, and we 
shall evidently have 

. ds^ = dx^J^dy^l 

'\'d8—A/ (dx^-^-dy^) 

and 8 =y* V (ctr^ + dy^). 



* This 18 rendered evident by considering it invefsly; thus, 
by supposing a tangent to move over a curve line its successive 
indefinite intersections will obvioueily coincide with the points of 
contact and therefore trace out the same curve. 
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By taking tbia integral between the limffs a/y' and xy wt 
find tbe length of the portion of the curFe intercepted by 
those points. 

81. Dff. Let BPC be 

any curve. 

Then a straight Iine/25, drawn 

so as to touch it at any point P 

is called a iangent; and Uio 

point P is called the point of 

contact. 

4 

Another straight line Pff, drawn perpendicular to the curre 

at the point P and consequently also perpendicular to the 

tangent RS^ is called a normal at that point. 

By the length of a tangent we generally understand that 

portion which is limited by its intersection with the axis ofx 

and the point of contact ; the value of the normal is similariy 

understood to be that portion of it which is intercepted by 

the axis of x and the point P. Thus, P 7 is the length of 

the tangent and P.^'that of the normal. 

OD and DP being tbe ordinates of Py TD is called the 

subtangent and DJ^ihe subnormal. 

82. The equation of a curve being given to find the equa* 
tion of the tangent at any point. 

Let x'y^ be the co-ordinates of the point of contact and » 
tbe inclination of the tang*ent with the axis of or ; then, (22,) 
the equation is 

y -^y^ = (a? — J?") tan^i 
but we obviously have 

tan (a :=: ^IL. 
da/ 

•/ the required equation is 

w[x — w') — ^^{y — y')=,Oy 



37 

wherein (x/k/' is the point of contact and xy any poiBt iphftt^ 
erer in the'tang^ent. 
Or il may be expreawd differentially 

dy' («r— «0 — etc' (y — y') = o^ 

♦ 

. 83, Cot. 1, Hence the eqwtion to tbe womMd throiigk 
the same point, (36,) is 

or (x-a:0+^(y-2^') = o. ' 

Thja may aUK> be expressied differentially 

da/ \i!D ^ w') Ar duf (y — y^) = <r* , 

84. Cbr. 8* The equation of the tangent at the point 
a?y being 

car rfy'.a? — i/jr'^y-l- (y^ rfi?< — ^ jK dy ) r= p, 

the perpendicular drawn to it from the orig^, (88,) is equal |0 

^ ^' — y' rf^ _ 1 x^dy'-^y' dx" 



■^ • 



85. Cor. 3. Similarly, the perpendicular from the origfii 
upon the noripal is equal to 

at/ dw" '\'y' dy' _ .a/dx''\'y*dy' 

V {daf^+dy"^) — rf»' 

86. Cor. 4. By taking y = o in the equation of the tai^ 
gent. Of Will determine its intersection with the axis of or an^ 
hence ip this case jt^ -7- ;r is the subtan^ent at the poi^t x^y\ 

\' Snbtangent z=za/ — ar = ^ ^ ^ 

By similarly taking y=o> in the equation of the normal, 
we find 

dx' 
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Hence ako 

•nd (». JVom./ = */ f ," + »1*^") = »:*; . 
s\ being the arcof ihe curve corresponding with the point Jif*y\ 

ASYMPTOTES. 



.jk. 



^. Two curves or a curve and straight line are said to 
be asymptotic when they continufilly approach nearer and 
nearer to each other but do not meet at any finite distance. 

By an asymptote to a purve yfp generally understand a 
straight tine such that if it and the curve be indefinitely con- 
tinued they will continually approach each other but never 
tneet; or it may be considered as a tapgent to the curve when 
the point of contact is at an infinite distance. 

In the equation of jthe tangent let y = o and we shall find 
the intercept pf the axis of ^, |>e(ween the origin 'and the 
4ange|it at the point ^^y\ to be 

dy' ' dy\ 

Again by taking or = o we similarly find the intercept of the 
fis^is pf y, b(?t9ireen ih^ prigin and the tapgent, to |be ^ 
y — ^_ ^'dy' — !/'ft^-r'^dy' 

^ ^ ^ diff' di^ 

|fy when oK :& QD or y^ = GO » either of ^bes^ valueci of x and y 
are finite, the curve has asymptotes whiph will thence be de- 
termined. 

When fT is finite^ |)pt y infinite^ the asymptote is parallel to 
the axis. of 2(, 

"When y iajinife^ but x infinite^ the asymptote is parallel to 
the axis of ^.. 

But when the values pf x and y are both of them infinite^ 
ihfi asymtote is at an hifinite diistance from the origin, l^ 
this case the curve is said to have no asymptote. 
'^V\^^ \\ie yalui^s pf tp and f arp both i= o the asymptote 
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passes through the ^rigia and its position must be determiiied 

from the value of -^ , when a/:=^^ ory'^c ao • 
" . ax' 



88. The equation of a curve being given to Jind wkeiher^ 
at a particular point, it is convex or concave to the axis of x. 

As iu article 82, let x'g' denote 'the ordiuates of the pro- 
posed point in the curve and v the inclinatioH of the tangent 
^i tliat point with the axis of J7, and 

JL,z:ztan^, 

Now when the curve at the point x^y' is concave to the axis 
of J7,the angle ^ will jevidentlv, if x increBse^ decrease when 
y is positive and increase whien y is. negative, ; and therefoiy 

d. -JL will have a sign contrary to tb^t of y. But when the 

»• . ' * * 

curve is conveq^ to tj^e ^xis of x the inclination of |he tangent 

will obviously, when x increases, increase ov decrease accord- 
ingly as y is pdsitive or negative and consec^uently d. -iL 

will ba^e )he same sign with y\ . 

Hence^ taking dx' constant^ the ci^rve at the point x'g' will 
be concave towards the axis o(x when d^y^ has a contrary 
sign withy'; and.it wi)l present a cqnvex side towards the 
a^cis oix when d^y' has the sanpe sign with y-. Or, which- 
amounts to the sainCi the curve is convex or concave to the 
n.xis of 4? acpordingi v as y' d^y' is positive or negative^ 

t 
pd. Cor. 1. Hanc^ also, by supposing dy' constant^ the 
curve at the point a/y' will be convex or concave to the axis 
of y accordingly as d^ x' has * the same or a different sign 
with x' ; Of it wilj be convex or concave towards the axis of y 
accordingly asx'd^q/ 19 positive or negative. 

90. Cor^ 2, When a curve is first convex and becomes 
afterwards concave to the axis of x it must have passed a 
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point of cmtrary flexure ■ 'i ■ • in ibiAcafee, iirffttmiiy 

dw^ constant, cf* jf^ will hence experience a change of sign ; 
and the poiht of eenirdrg \fieafure will evidently be where 

91, The equaiion of a curve f/ieinff given to find the ra£uM 
of curvature^ or the radius of th^t circk which touches ii 
KHqst intimately at any given poinf^ 

A tangent to any curve WB^y, \^ eoneeived to be a straight 
line drawn through two of its points which are indefinitely 
near to each other; and iiencc^tfae first differentials of the 
ordinates which appertain to the tangent must correspond 
with those of the curve at the point of contact* 
Similarly may we conceive the osculating circle or the circle 
of curvature to be that circle which passes through three sue- 
eessvre points of fhe «urve which are indefinitely near to each 
other ; in this case, therefore, both the first and second differ- 
entials of the ordinates which belong to the circle and curve 
must correspond at the point of contact* 
I^t af'y"he tl|e eOi^rdinates of the centre of the eirele, anci 
we shall have w — w\y — y" for the two lines drawn from it 
r^pectively parallel to w and y and terminating in the cir«t 
cumference at the point of contact^ hence, denoting its radium 
by {, its ecjuation, (25,) is 

Now since, as has been observed, this circle corresponds with 
the curve at two other points contiguous to the point of con- 
tact, we may • differentiate 'twice and consider the first and 
second differentials of the ordinates ay as agreeing with 
tJiose of the curve. Hence differentiating^ obeer V4ng that x^y" 
are tnvariaMe, we get 

uftr(*~af ) 4- d«y (y — sr') + <?«?» =0 J 

where 

Aa = rfa? + rfyS 

4 bekig ih^ length of 4he eurVe. 
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From these two equations we deduce 

._ — rfy A^ «. _^^* L <faA» 

Hence we find 



— <fy rf*a? — dx tPy 
In this expression for the ridius of curvature we may assume 
an independent variable at filea&iire. 

92. It hikf fie ottf^rwflM^ ^^if etkrty ^eteithiii^ bV c6i^ 
ceiving the centre of the cirde of curvature to be the inter* 
section of two normaTg drawn froih tWo points of the curve 
which are indefinitely near to each other. Let a normal be 
HmttL fibtd the poiti 4i^y mit Ahof tnidtb^ hefiiiif ft ^ a 
contiguous point, the intercept of the curv^ b(^#edb fliei» 
points being ds. Let also fwo tangents be drawn at these 
points, the former making ati an^le w with the axis of or. 
Then the angle Ijl dor included by the tangents Will ^fH^mly 

be the same as that incttfded by 4he normals; and as the 
normals, which are radii of the osculating circle^ subtend the 
arc d8 of the curve, we obviously have 

jg 

atid •*• $ 3=: ^^ -7- • 



l^uC 



•*. dcif zrz 



d^ 

> 

d^ dx\d^ 
dianw dx doe 



Therefore by substitution 

dd 



4S 

93. Since 

we'faavei diflfereQtiating 

.-. o= {dx rf«x+ cfy rf^)f — (Arf«*)«. 
Adding the square of dg d^x — dxd^y to this, the result is 

and hence 

«— i/ {{d^xy+{d,hfy—{d^By\ • 



By taking « for the independent yariahle, thi 

« 

,. \94. By takings for tbe independent variable, or nipponng 
lb to be conataot, . , 

dy<Pxr^dxd*y 
becomes simply 

o_ —A* 

95. From tbe equations 

dpd^of^dxd^ff'r ' difd^w—dxd^ 

we find tbe position of tbe centre of the circle of curvature 
to be 

~ dyd^x — dxd^y"^ 

f—y— ^'^^^ 

dyd^w — djcd^y* 

or, supposing dv constant, 

dx dhf 
, dx rf** 



J" • 



rf;rrfV 
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By means of tb^ and the equation of the cunre, the ordU 
nates jTjf and their differentials may be eliminated; and /an 
equation will thence be found expressing the relation between 
»" and y"^ which will hence define the locus of the centre of 
the osculating circle for all points in the curire. This locus 
is denominated the evoluite of the curve ; and, on the contrary, 
the curve is called its involute, ... . . . ^ 

r ' 96/ As th^ centre of the osculating cirde may be conceited 
to be the point of intersection of two normals which are in- 
definitdy n^r to' each other, it is obvious that the normal 
at any point of the curve must be a tangent to the evolute. 
See article 77. . » 

Thus we see that a tangent drawn to the evolute at any 
.paint coincides with the radius of the osculating circle which 
is drawn to the. point of contact, • . ^ 

' 97. The equation of this tangent, (62,) gives 

dy"{x—x') — dx"{y — y'')z=io. 
. Let us now differentiate the equation 

supposing', x'y" to Vary, aud we have 

(dar — dr") (j; — /»") + (rfy - rf/> (y —y) = 8<^ ; 
-but, at'yf appertaining to the normal of the curve at the point 

xy, we have by its equation < 

which rejected and the signs changed, we get 

cto" (^ — ^") + rf/ (y — y") = — srfj. 

From this and the preceding equation of the tangent to the 
evolute we find 

da/' du" 

whereia . , . 

^ being the arc of the evolute from any ^iven point. 
1 hese values of <v — x' and y — y" substituted in the equation 



<fir« 
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The mtegral of tbw gives 

%liere |' ki tbe mdiiid of t^or^ftture ecMrMlpimdfb^ iriui the 
l^t veil pdtBt frdm trhicb r k eititiliit«d« 
Hewse we find the leiigth of the arc of tb^ eiroltite betiroeti 
My tm> poiniu to be equal to the difieretice faetw^sen tke tadii 
of the corresponding osculating circles, 

d8. By Ineans 6f this prhclple we diseoVef thai the tnrte 
may be described by the unwinding of an inextensible thread 
from off the evolute. Thus let p be any point in the curve 
and pp" the: normal or radius of Curvature touching the 
evolute at the point 7)''; tfaen^ this line p|»'' being conceived 
to be a thread extending round the evolute, it is obvioul^, 
from the above properly, that by unwinding this thread, 
keeping 7) p' always stretched, the point /i wilt trac^oulliie 
curves 

C^mAd^ug tbe evolute as a cirrue,its tiivolule is thus ddu 
scrioed. 

99. It appearsy ffom tbe foregoing, that any ^iven ctrrvi^ 
can have biit one evol ute, but may have an indefinite number of 
involutes as tbe value of pp" at any point p" is indetefnlinsrt^. 
Hence, for any particular involute, the value otpp" must be 
known at a given point p\ 

100. The evolute being given, the equation of its involutes 
may be found by means of the values o^ ^"^y'^ (95,) in terms 
of xy and their differentiats. 
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SECTION VII. 

FORMULJE APPERTAINING TO POLAR EQUATIONS. 




lOL Besides the application of co-ordinate axes there is 
another method of rendering the relative positions of points 
and the properties, &c. of curve I:nes, in the same plane, sub- 
je<;t to the power of the algebraic analysis, by means of what 
is usually called a polar equation. 

Thus a given indefinite right line O.^, 
originating at O is denominated the aans; 
the fixed point O is denominated the 
pole or origin ; any variable right Ittie 
OP drawn toa point P is called a radius o 3! 

vector^ to ithat point, and its angle of inclination PO^, with 
the axis, the polar angle. 

The radius vector OP we shall denote by r, and the polar 
angle POA by (p. . 

ft 

102. The polar equation of a curve is thus expresspcl 

F(r,<0z=:o; 
and, in most cases, r may be separated so as to give 

jPandy* denoting given trigonometrical functions. 

The characters r, ^ thus rendered subject to an equation, we 
shall evidently' have particular values of r for each duccessive 
value of (p ; and hence the point P' will be limited to a par- 
ticular curve^ determined by the nature of the equation. 

103. Particular values of r, ^, or such as belong to given^ 
and, of course, invariable points are thus distinguished, 
r^9^, r"^% .&c. and the points to which they appertain are 
usually called the points r^(p\r"^\ &c* 

104. It is. often useful to transform expressions, involving 
rectangular co-ordinates, into th^ir equivalents in terms of the 

H 
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radius vector and the polar angle and convenAj. This may 
be effected bj nieans of tbe two following propositions. 

105. To reduce any expression or formula^ involving the 
rectangular co-ordinates xy of any point and their differ^ 
eniials^into one involving the radius vector and the polar 
angle. 

By taking the axis of or for the polar axis, and the origin for 
the pole, we shall obviously have 

xz:zreo8^,y=zr sin (^y 
and hence also, by differentiation, 

djc^idr cos <p — rd^ sin ^, 

dy = dr sin p -|- rrf(p cos ^ ; 

d^a:z=, d^r cos f — 2drdpsin^ — rdp'^ cos ^ — rrf^^ sin ^, 

d^y = dh' «w 9 4" ^ ^^ ^9 ^^* ^ — ^^^^ ^^ ^ "h Td*^cos^i 

&c. &r. &€• 

These values substituted ip t)]e given expression, will produce 

its equivalent in terms of r, 9 and their differentials. 

By supposing df to I)e (constant, the terms wherein d^^ occur 

will disappear! 

1C6. If it be required to have the pole at a given point x'y'^ 
we may previously transfer the origin of the rectangular axes 
to that point, by article 43. Or we may substitute 

^ z;;: r CO* (p 4" ^'> y = »• «»w ? + y% 
and a:'y' being constant, the values of c£r, dy^ c/^^r, d^y^ &e, 
asjibove, 

And, if the polar axis be required to make ap aqgle fi^ with 
the axis of 0.', we must obviously substitute 9 ~|~ ^ instead of ^, 

107* To reduce any eoppression^ involving the radi^^ vector 
and the pqluf angle^ info one involving rectangular co-^ordin 
nates. 

By taking the polar axis for the axis of jr, and the pole for th^ 
origin of a^y, we shall have, from the foregoing equatious, 



4T 

tan ^zrzIL flcci, 

Of 

or 
f:=zeos ; =nj| , 2L — -.;=:laji -2- &c..- 

wuerein cos . sijgpDifies tbe arc wbose eo$ine is 

^ c 



Tlie required traineforniatioa luay be acoomplished hy tbo 
siibstitulioti of these values; and the origin may afterwards 
be transferred to any given point, (43)« 

108. The polar €quatioi% of a curve being given to Jind 
the length of any arc of it. 

By referring the poipts of the curve to rectangular co-ordinate 
axes, we have, (80^) 

ds^ = «fa?3 + dy\ 
|]euce, substituting |be values of dx^ dy, (105,) we get 

^f^sLdr^-^rfdf 
\\d^=Y (di^ + r^df) 

'.' szrzfyf{dr^J\^r^d(f) + const., 

the value of the constant being such as to make th^ coipplelff 
integral vanish at the point whence the arc is estimated.^ 

109. To Jind the perpendicular from the origin on the 
tangent at any given point. 

The equation of the tangent at any given point ;ry, (82,) is 

dy' (a?-r'arO — d,v' (y ~ y^) = o, 
or,dy\x — dx\y — (^' dy' — y' dx']z=:o. 
Let p be the required perpendicular, and, as in article 84, 
we shall hence faav6 
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Tins reduced for. the poliir ecj^ation, (105,) gives 



P = 



V'((fr3 + r«rf(p*) A 



110. To find the sectoreal .area contained between the 
curve tind any two radii vectores, 

Let us. imagine two radii vectores. infinitely near to each 
otber, containfng the indefinitely small angle c/iip^ and sub- 
tending the element d$ of the curve. The sectoreal element 
thus formed by these radii vectores and c/« may obviously 
be considered as a plane triangle; and the perpendicular 
from the origin on the opposite side d9 will obviously cor« 
respond with that on the tangent. Therefore, p denoting 
this perpendicular, we shall hence have the area of this sec- 
toral element = ^^ . 

2 

That is, 



But, (109,) 



rf* (Sectoreal Area) =?_?,. 



^dy — ydx ^_ r^d(^ 



ds ds 

.: d. (Sectoreal Area) = ffclK^ = "^ 

:. Sect. Area = r^.^ElZH^ 

J 2 2 •, 

The value of the constant must be determined from the 
position of the radius vector from which the area is to be 
computed. 

111. To express the inclination of the tangent to a cvrve 
with the radius vector^ 
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Let the required angle under the tangent and radius vector 
be Tr, and p the perpendicular on the tangent 7*. Then is 

<t» Tr = L. 

r 

V co»Tr=:^ ('•'— P^) . . tan Tr = 



r a/ (f—j^) 

Therefore, substituting the value o(p, (109,) 

tin Tr = l^ = "^^ 
^ dr dr 

#a«rr=!:^. 

dr 

Any of these formulee w ill serve for the determiuation of the 
required angle. 

112, To express the polar subtangent in terms of r and (f. 

The polar subtangent is the straight line drawn from the 
pole perpendicular to the radius vector and termioatiug in 
the tangent. Since 



we have 



tanTr=l^, 
dr 



Subtangent = r tan Tr =: ^_^ . 

dr 



113. Cor. Sometimes the equation of a curve is expressed 
between the radius vector and the perpendicular on the tan- 
gent* In this case we may make use of 

tanTrzz: t , 

which gives 

Subtangent = ^ 



^if^p^) 
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114. To evpress the radius of curvature of a curve in terntfl 
of the radius vector and the polar angle. 

We have, (02,) 

_ r ds^ 

— dif d^jc — dx d^y 
Now, pursuing the suppositions used in article 105, we get 

dy d^x-^dop dhf-ziz 
dr (sin ^ d'^oo — cos (p dhf) -j- Td(p (cos (p d^x -}- sin (p d^y) 
= — rfr (2 dr rf<p4- rd^ip) -\- rd(p (d'^r-^rd(p'^) 
z=: — d(p(r^d((^'\-2dr^ — rd^r) — rdrd% 
Hence 



S=X 



d(p (f^d(p^ -^ 2 rfr^ — rdh-) -f- rdrd^(p 
By supposing f to vary independently 

^ — c/(p(r2c/(p2-f 2rfr2_rd2r) — d<p (r^d((^-^ 2dr^ —rdH) 

• • • . • • 

115. The equation of a curve between the radius vector 

and the corresponding perpendicular on the tangent being 
given^ to find the angle contained by any two radii.vectores. 

By (109), 

— rV(p 

^ ~ v' (rfr2 + rVf ) ' , 
This solved for d^ gives 

ibe integral of which between the proposed limits will give 
the angle nought. . . , 

116. Given the equation between the radius, vector and 
the perpendicular on the tangent, \F (r^p) = o, to find tke 
length of any ^rc of the curve, and ako the sectoreal area 
between any two radii vector es. 

It has been found, (115), that 

i/(p- y^^ 



This substituted for d(p in (108) and (110), we find 

f tdr /» rdr . . • 
as^^z: , 8z:z t. ^ 1- const.: 

-I- const. 

117. To express the nadius of curvature in terms of the 
radius vector and the perpendicufar on the tangent. 

By (109), 

_ ^^f 

Let dip be supposed constant and 

- dp = ^^^ ^^ (^^'^ + g rfr^ — rrf V) 

But, (114,). 



d(p {r^d^'\- 2 rfr2— rdH) 

« • 

.". 5 rfjp = -f- rdp 

. ^ \rdr 

dp 

118. The equation of a curve between the radius vector 
and the perpendicular on the tangent being given^ to find 
the similar equation for its evolute. 

The radius of curvature of the curve at any point fp coin« 
rides with the norma! and touches the e volute, (96). Let 
/?, P be the radius vector and the perpendicular on the 
tangent which belong to the evolute at the pomt of contact. 
By drawing the figure it will be at once perceived that p 
and P constitute a rectangle with the tangent and normal 
of the curve; also that • 

P^ = r^—p\ 

which inverted, and the value of P l»y the former substituted 
in the latter, we get 
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(? — ;>)* + »"^ — ff = 8^ — 2pj + r^». 
The value of { being previoasly determined*, (117,) we can 
by means of these and the given equation of the curve, 
y (r,/7] = o, eliminate r and p, which will produce the equa- 
tion wanted. 

119. Let R^ and P^ be the radius vector and the perpen- 
dicular on the tangent which belong to an involute of the 
curve ; as the curve is its evolute we have from the foregoing 

equations, substituting ■ forj, - 

Cr ^ —Py + R^ — P^=f^. 

The values of pr by these equations substituted in the equa- 
tion of the curve we shall find an equation involving R^P^ and 
their differentials. If it can be integrated the equation of the 
involutes of the curve will thence be found. 



END OF PART FIRST. 
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CORRECTIONS 



At Ibe end of the Preface for " afford'* rtad " fa ajffbrdJ* 
Art. 15, line ij, for " axe^ ^j?" read " aans efx!' 
Page 14, line 7, for " substituthg'* read *• gubniitute^' 

Art, 40, line 15, foe -|- ''^a*^ -— 

Art. 45, line 13, for >0a read A'O'a. 

Page 48, first line, for — read -{- 
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